FORMAL SOLUTION OF SCALAR RICCATI EQUATION

NICK MALTSEV

ABSTRACT. Formal solution of Riccati equation is received.

1. SCALAR RICCATI EQUATION

General Riccati equation[1]

(1) W) _ ol @) + ba)ye) + elo)

has solution in a form of infinite procedure

(1.2)

y(z) = 2—1(1(—1& b2 — da(c %(%(—bi \/b2 ~ dafc - %(%(—bi \/b2 ~ dafc— %(...)))))))))

Direct substitution of y(z) from Eq. 1.2 to Eq. 1.1 transforms last to identity:
ay’ +by+c =

1, 9 dy 9 dy b 9 dy _dy
4a(b F 204/ 0% — 4a(c dx)+b da(c dx))+2a( b+ 4/b% —4da(c dx))+c = -

The procedure described above can be expressed in terms of iterations:
1

() = o [ble) & V() — dalr)ele)]
s (x) = %[—b(x) + ¢ 12(e) — da(e)(clr) — )] n > 0

Example of this approach applied to the receiving of approximate solutions of Airy
equation[2] in the following section.

2. AIRY EQUATION

Solutions of the Airy equation

dPy(x)

(2.1) P

+xy(z) =0
can be looked in the form
(2:2) i) =exp(i [ ala)do)

and for ¢(x) it becomes Riccati equation

(2.3) Pr)—z =i
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According to Eq. 1.2 formal solution of this equation has the form

. d . d
(2.4) q(m):i\/xizdwq/xizdx\/f

If to take first two iterations

qo(x) 05
q(x) = j:\/x:I: Lo j:x*02"1/:c15j:7
Then
r 2
1M (z) = /qo(t)dtzigx%
2
I£1’2)(x) = /q1 t)dt = :|:3x4\/m2:|: +%1nm4 w2:|:
020) = Di/eh = L) = (iﬂ In2) = l—zlnﬁ
: -3 2/ "6 " T i 6

According to [2] first two terms of asymptotic expansion for Airy functions when
Rxr — 0o, Jx = 0 are:

1 2 1 2 1
= m%(exp(i(gg 2)—11H$—1H2)—6Xp( (3x2+4)—11nx—1n2))
2
Bi(x) ~ T ix % cos (ga?%—i—%)
1 2 9 1
= E(QXP( (333% +£)—*lnx—1n2)+eXp( (3x2 + 4)_ilnx_ln2))

2 1
Bi(z) ~ rd exp(g(—x)% ~1 In(—x))
When Rz — 00, Sz =0
2 3 In2 1
9. 02 ) L pi2s 2 1,
(2.5) il (x) i3® 3 e
When Rz — —o00, Sz =0
2 3 In2 «w 1
2. -1(1’2) ~ —(— 7—7_7_71 _
(2.6 i)~ 5ot - B2 T )

Comparing Eq. 2.5-2.6 with asymptotic expansions we receive approximate expres-
sions for Airy functions for £z > 0,3z = 0:

1

(1) Ai@) ~ (el (@) + D) = exp(i(1? (@) = )

™

L (epI{V() + 1) + el (@) - 1))

1
mT123

(2.8)  Bi(z) ~




and for Rr < 0,3z =0

1

(2.9) Ai(z) ~ sin%Q—i%eXp(i(Ifl)(m)—i—%))
T

(2.10) Bifr) ~ cos 2 Resp(~i(I{)(@) + 7))
T

(2.11)

At Fig.1 approximate values of Ai(z), Bi(z) are displayed. They have discontinuity
of first derivative at x = 0, while traditional asymptotic expressions are singular at
z=0.

3. APPENDIX A

For computation of integral

L(z) = / o (t)dt = j:/z Ji+ %t‘”dt

we introduce new independent variable

4 [ | ] 1 4 [ ]
I1(£U)=:|:§/ y%i%y‘%yédy:ig yQi%dy:
: ' 7

and
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FIGURE 1. Approximate solutions of Airy equation



